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1. Introduction 



^ ■ It was shown by Kamishima in that a Bochner-Kahler manifold 

of dimension n > 1 is locally isomorphic to one of the following model 
spaces: 

1. a flat geometry (C" x (U(n) x M+),C"), 

2. a non-flat geometry (PU(1,/) x PU(m+ 1),H' x P™). 

o ■ 

Q ■ This can be compared to the fact that a conformally flat manifold of di- 

mension > 2 is locally conformal to a region of the sphere of the same 
^ ! dimension. In twistor theory, it is well-known that an even dimensional 

0\ I conformally flat manifold has an integrable twistor space ([]^, 0, 

' 0). It is interesting, as an analogy, that a Bochner-Kahler manifold 

has integrable twistor spaces defined by O'Brian and Rawnsley in 
bp! Since it was proved by calculating the Nijenhuis tensors, the proof does 

not give holomorphic coordinates. Hence it would be natural to ask to 
"give a system of local coordinates of the twistor spaces of the above 
^ . model spaces". Furthermore, to study a generalization of the Penrose 

transform, it is necessary to "construct the moduli space of relative 
deformations of fibers" , which we call the complexification. 

In the present paper, we give answers to the above two questions. 
Since the first space is flat, its twistor space as a Riemannian mani- 
fold has already an integrable complex structure. Hence the problems 
can be solved easily by restricting the Penrose diagram as a Riemannian 
manifold. 

In the second case, we give local coordinates by constructing a local 



embedding to a product of complex projective spaces (Theorem [O 
and Theorem p.3| ). The complexification of H' x P™ is x H' x 
^pm X I"" \ m; m + 1)) (Corollary 

Let us explain briefly the contents of this paper. In §2, we review the 
definition of the twistor spaces of Hermitian manifolds. The answers 
in the flat case are explained shortly. In §3, we construct a system of 
local coordinates of the twistor spaces in the second case. In §4, we give 
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an explicit description of the complexification of the model space, by 
extending maps in the previous section. In §5, we give some examples. 

2. The twistor spaces of Hermitian manifolds 

In this section, we review the definition of the twistor spaces of a 
general Hermitian manifold M. Let n be the complex dimension of M 
and k an integer between and n. The /c-th twistor space Zk{M) of M 
is the total space of the Grassmannian bundle Gk{T^^'^^ M) equipped 
with the almost complex structure defined as follows. By the Hermitian 
metric on M, we can define a connection on its frame bundle. Since 
Gk{M) is an associated bundle of the frame bundle, the connection 
decomposes the real tangent bundle of Z^i^M) as 

rZfc(M) = TvZu{M) ® TnZkiM). 

Since its fibers have natural holomorphic structures, we have a complex 
structure on the first component. For x E M and L G Gfc(Ti"^'°-*M), 
decompose the second component as 

This decomposition is compatible with the original complex structure, 
since L is a complex subspace of Ti^'^-'M. We define a new complex 
structure on THZk{M)(^x,L) by replacing the complex structure on L 
with its conjugate structure. 

We can write explicitly the space of horizontal (1, 0)-forms, by using 
the Pliicker coordinates with notation of multi-indices similar to that 
in PI and 0. Let (ei, . . . , e^) be a local orthonormal basis of the space 
of (1, 0)-vectors of M. For /q = (ii . . . ik) with ii < ■ ■ ■ < ik, let be 
the coefficient of e/g = e^^ A ■ ■ ■ A Cj^. . A multi-index / is a sequence of 
elements of {!,... The composition of the sequences / and J is 
written as /J. We put relations between z^^s as: 

Then, for any multi-index J, there is a unique subsequence /q of (1, . . . , n) 
such that z^ = ±z^°. We denote \I\ to be the length of /q. Then the 
space of horizontal (1, 0)-forms of the twistor space is spanned by the 
following forms: 



(2.1) 



\I\ = k-l, 

^z'U\ \I\ = k + l, 
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where (e^, . . . , e") is the dual basis. 

The integrabihty condition of the almost complex structure is given 
by O'Brian and Rawnsley in A Bochner-Kahler manifold, which we 
will study in the following sections, is an example of such manifolds. 

Henceforth, we assume that the almost complex structure of Z^^M) 
is integrable. 

We can define the complexification of an even dimensional confor- 
mally flat manifold by considering the relative deformations of fibers 
of its twistor space. Since Grassmannian manifolds are rigid, we can 
also define the complexification of M in a similar way. 

For {A, B) e U{k) x U(n - k), define 

p{A, B):C''® C"-^ ^ C'^ © C"-^ 

{Vi,V2) ^ {A*VI,BV2). 

Then, for x G M, the normal bundle of the fiber Zk{M)x is written 
as 

By the theorem of Bott-Borel-Weil-Kostant, we have: 

H\Zu{M),,0{N.,)) ■ 



A^°^M©Ti^'°^M, ifi = 0. 



0, iii> 0. 

Hence, by the relative deformation theory of Kodaira (f^), the moduli 
space 

M<c = {Z C Zk{M) I Z is a deformation of a fiber.} 

is a 2n-dimensional complex manifold, which includes M as the space 
of real fibers. 

As an example, we describe the situation shortly when M = C" with 
flat metric. 

Let X = C" X C" = H^{Gk,n, 0{N)). Let Y be the submanifold of 
A^ X X defined by 

Y = {U{z)J)\f eX,zeGu,n}. 
We have a canonical double fibration: 

Y 

N X. 

Then we can show easily that, for each w ^ N, there is a unique element 
f e C" such that w E pi o P2^{v, v). By the projection w i— > f , we can 
identify N with Zk{C^). The complexification of C" is X, namely, for 
X G X, the corresponding submanifold is written as pi op^^^x). 
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Remark. Since the twistor space Z(C") as a Riemannian manifold sat- 
isfies the integrabihty condition, this diagram can be obtained by re- 
stricting the Penrose double fibration as a Riemannian manifold, which 
is described in detail by Murray in p. 

3. The model spaces of non-flat Bochner-Kahler 
manifolds and their twistor spaces 

Let be a complex vector space of dimension / + 1 having the 
indefinite metric: 



Then we can consider the /-dimensional complex hyperbolic space H = 
H'(V) as an open submanifold of P' = P{V) by 



Let VI^ be a Hermitian vector space of dimension m+1 and P'" = P(Vr) 
its projective space. Let y = {1 : yi : ■ ■ ■ : ym) denote its local affine 
coordinates with respect to an orthonormal basis of W. 

We consider and P™ as Kahler manifolds by the well-known 
Kahler forms 



respectively. Then M = H x P"* with the product metric is an example 
of Bochner-Kahler manifolds. Hence the almost complex structure of 
Zk{M) is integrable. By the definition of the metric, the group U(l, /) x 
U(m + 1) acts on M isometrically. 

Let xo = (1, 0, . . . , 0) and ?/o = (1, 0, . . . , 0). By identifying a tangent 
vector with an element of Xq (B yQ, we can consider it as an element 
of V (B W. Let z^'^ be the Pliicker coordinate, where / (resp. J) is a 
multi-index with respect to xi, . . . , (resp. yi, . . . , ym)- Note that the 
local frame of the tangent bundle that we choose is orthonormal only 
at (xo, yo). Hence is valid only at points on the fiber over (xq, yo)- 

Let L be a complex vector space with metric. For a vector x G L, 
we regard x as an element of L* by the canonical isomorphism L ~ L*. 
Then, by using the decomposition: 




H' = {x = (1 : Xi : ■ ■ ■ : Xi) G P' I |xip + ■ ■ ■ + jx^p < 1}. 




a+6=fc+l 
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we define 



V A i(v)\ ( ^ X A i(x] 

baM=xA[l- % ]z + yA{ 1 ^ ' 



= ^ <pi,jeiAejr, 

\I\=a,\J\=b 

where i denotes the interior multiphcation. In the following, we assume 
that multi-indices I, J, . . . do not include the index 0. Then we have 



m,oj 



(3.1) 



jeJ i&i 

where x^ is the complex conjugate of x*. 
Let pi and p2 be the projections: 

pi : H' X ^ H', 

P2 : H' X P™ ^ P™. 

Let and Lpm be the tautological line bundles. Let Lz^(m) denote 
the tautological line bundle as a Grassmannian bundle. Then (f)afi is 
canonically extended to a map 

which is equivariant under the action of U(l, /) x U(m + 1). The space 
on the left hand side has an almost complex structure induced by that 
of Zk{M) and the canonical connection as a line bundle. Then we have 
the following theorem. 

Theorem 3.1. The map (pa^b is holomorphic. 

Proof. It suffices to calculate that (f)a,b is 9-closed at points on the fiber 
over {xQ,yo). Then it is immediate by the definition of the almost 
complex structure. □ 

Remark. This theorem shows that the line bundle Lz,,(m) ®Pi(-^h') ® 
P2{Lpm) has a natural holomorphic structure if a + 6 = /c + 1. In fact, 
if both / and m are positive, this is necessary, which can be shown 
directly by computing the integr ability condition. 



6 YOSHINARI INOUE 

For non-negative integers a and h such that a + b = k, put 

Ua,b = {Ke Zk{M) I ^ O,0,,5+l(/t) ^ 0}. 

These open sets cover Zk{M). In fact, we have the following lemma. 

Lemma 3.2. Let {x,y,z) be a point of Zk{M) and L the subspace of 
X"*" © y-^ corresponding to z. Then (x, z) G Ua^k-a "if o-nd only if 
dim(L n x^) <a<k- dim(L n y-^). 

Proof. By ( p.lD , we have 



(3.2) 4>oi,oj{xo,yo,z) = 0, 

(3.3) 0/,oj(a;o,yo,^) = (-1)'^'^ 

(3.4) (j)oi,jixo,yo,z) = z^-^' , 

(3.5) 0/,j(xo,i/o,^) = 0. 



Hence, by the Pliicker relations, we have 

Ua,b = {{X,y,z) e Zfc(M) I LlAa^XjgAbyX 7^ 0}, 

from which the lemma follows immediately. □ 
Now we define a map: 

ipa,b : Ua,b P(A"+V ® A^W) X P(A"V^ ® A^+^M/) 

K ^ ([0a+l,fe(/t)], [0a,b+l(/«)])- 

Theorem 3.3. T/ie ma]? ipa,b "is an embedding. 

Proof. Since the map is equivariant, to prove the injectivity, it suffices 
to prove that if ipa,b{x, y, w) = ipa,b{xo, yo, z) then x = xq, y = yo and 
w = z. Suppose {y, yo) = 0. Then we can assume y = (0, 1, 0, . . . , 0). 
We assume, for a while, that J does not include the index 1. We 
compute 

(poifij = = w^^''^' , \I\ = a,a-l. 

Hence we have 

(pifij = (-l)l'l^"' = -J2 ^>o^/,OJ = 0, |/| = a, 

h,.i.J = i-irz''''' = = 0, |/| = a. 

These contradict with the assumption z G Ua,k-a- 

Hence we should have {y,yo) 7^ 0. Then, by ( p.3|) and ( p. 4)) , there 
exists a constant c such that w^'^ = cz^'^ for all (J, J) with \I\ = 
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a — 1, a, a + 1. Hence we have w = z hj the Pliicker relations. By ( |3.2| ) 
and the equations for x and y become 

^ ^ iy,y) 

Let x' = (x^, . . . , a;') and y' = {y^, . . . , y'^). Then these equations mean 
that there is a /c-dimensional subspace L of Xg © y^ such that 

{x,x} {y,y) 

Hence we have x = xq and y = yo, concluding that the map is injective. 

Injectivity of the derivative is also computed by simple computations 
at points on the fiber over {xo,yo). □ 

4. The complexification of the model spaces 

In this section, we give an explicit description of the complexification 
Mc of the model space M = H' x P'". 

Let ^, C G H' and /i, G P™" such that (/i, z/) 7^ 0. We construct an 
embedding of Gk,n = GuiV / {C) ®W / {jj)) in Zfc(M) by generalizing 0^,6 
in the previous section. Let a and h be non-negative integers such that 
a + 6 = + 1. For 2 G Gk{V/{C) ® we define: 

^ / ^ .A /^Ai(z/)\ / ^ A 2(C) 



For non- negative integers a and 6 satisfying a + b = k, put 

= {;2 G Gk,n I $a+l,6(2) ^ 0, $a,6+l(2) ^ 0} 
= {2; G Gfc^n I z\A''V/{0»A''W/{tM) 7^ 0}- 

Then we define 

C, /i, i^) = ^a,b : t/;^ ^ P(A"+V ® A^'H^) X P(A"V^ ® A^+^I^) 

Theorem 4.1. Let z G G^.n- There exists n G Zk{M) such that 
'4^a,b{i^) = '^a,b{z) foT all {a,b) such that z E U'^jj. Hence '^a,b induces 
an embedding of Gk,n in Zk{M). 

Proof. Let L be the subspace of V/{^) © W/ (/i) corresponding to z. 
We can assume C = ^0 and u = y^. By the isomorphisms Xq ~ V/{^) 
and yo ~ W/ (fj,) defined by the canonical projections, we can consider 
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L as a subspace of Xq © i/q. We give a point k = {x,y,w) which 
satisfies the property. We fix a and b for a while, and calculate the 
coefficients of ^a+i,b{z) and ^a,b+i{z)- By a similar argument in the 
proof of Theorem |3]^, we should have {y,yo) 7^ 0. Thus, by we 
have 

%i,oj{z) = 0, 
$,,oj(z) = (-l)l^lz"'. 



Hence, by the Pliicker relations, we have w = z. The coordinates of x 
and y satisfy the equation: 

(4.1) 

Define 

1^1 = Ln4, 
m = ^ n y^. 

Let V2 and be the subspaces such that 

= Vi® V2 
yo =Wi® W2 

which are orthogonal decompositions. Then ( [4.1|) means that 

X e (xo) + V2, 
y e {yo) + W2. 

Hence the problem is reduced to the case Vi = Wi = 0, which implies 
that min(/,m) > k. By considering the canonical anti-holomorphic 
diffeomor phism : 

L ^ L^, 

we can further assume that 

dim V = dim W = k + 1, 

0<a<k 
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In this case, it is easily verified that the equations for x and y are 
independent with respect to a. Hence it suffices to find x and y when 
a = 0. 

An image of the map 

0<a<k 

is a projectivized invertible linear map. Hence it suffices to find x & V 
and y E W such that 

A{y) = X, 
A{y^) = x^, 

for an arbitrary invertible linear map A : W ^ V. Indeed, if we find 
them, we have 

i^o,k {x, y, {A{ej) + ej\j^l,...,k))^[A], 

where (ei, . . . , e^) is a basis of y^. 

We denote the indefinite metric on V as (, )g- By the automorphism 
A, we define a Hermitian metric (, )h on V. For a positive number r, 
let Sr be the real hypersurface of V defined as 

Sr = {v eV \ {v,v)h = r}. 

Let H be the real hypersurface of V defined as 

H^{veV\ {v,v)g = 1}. 

Let To be the minimum number such that Sr T\ H ^ ^. Then we can 
show easily that Sr^^ and H intersect at one point x. Then x and 
y = A^^(x) satisfy the desired property. □ 

Let be as above. We denote the corresponding submani- 

fold of Zk{M) as C, 1^, The intersection of two such submani- 
folds can be completely determined as follows. 

Theorem 4.2. Two submanifolds Zk{^i,Q, ^li^Ui), i = 1,2 intersect if 
and only if 

(6,C2)(6,Cl) ^ (/^l,t^2)(/^2, t/j) 
(6,Cl)(6,C2) (^l,Z^l)(/i2,Z^2)' 

When this condition is satisfied, the intersection is one of the following: 

Gk,n-\i T'f il — ^2, A*l = A*2; 
Gk-\,n-li ^/Cl — C2, J^l — ^2, 

Gk-i,n-2, otherwise. 
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Proof. We can put (2 = and 1^2 = Uq. By a similar argument in 
the proof of Theorem p.3| , we can show that two submanifolds are 
disjoint if (/ii,?/o) = 0. Hence we can assume that (/ii,?/o) 7^ 0. Let 
z and w be elements of Gk{xQ © Uq) such that \l/a,6(^i, Ci? /^ii = 
^a,6(6,a;o,jU2,l/o)(u^)- Then, since $o/,oj(2;) = for |/| = a, a - 1, we 
have z = w. Let ,^1 = (1, ■ ■ ■ , i{) and /xi = (1, . . . , /x™). Then the 
equations are written as 

Let L be the subspace of XqQVq corresponding to z and ^- = (0, . . . , ^•), 
/i- = (0, /ij^, . . . , i = 1,2. Then ( |4.2| ) means that 

Then the theorem follows immediately. □ 

Corollary 4.3. Let M = H' x P"". Then we have 

Mc = H' X X (P™ X P'" \ m; m + 1)) . 

5. Some examples 

1. M = P{W) = P": We can write Zfc(P") = F{k,k + l;n + 1). 
The projection map is written as 

+ l;n+ 1) ^ P" 

{u, u') ^u^nu' 

The complexification Mq is P" x P" \ F{1, ra; n + 1). For (/x, u) G 
Mc, the corresponding submanifold is written as 

{{U,U') \ U Cu,i2C U'}. 

This is a straightforward generalization of the well-known descrip- 
tion of the twistor space of P^. 

2. M = ii{V) = H": For a subspace U of V, we write 

^ \U±, if U has a vector with positive norm, 
if is negative definite. 

Then we have 
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The projection map is written as: 

{u, u') ^u^nu' 

Mc is H" X H". For (C, C) G Mc, the corresponding submanifold 
is written as: 

{([/,[/') I c/ccecc/'} 

3. Zi(H' X P"') with l,m>l: The restriction of to Ui^ n f/o,i 
is an isomorphism to the projectivization of the space of rank 2 
elements of V (E) W. The boundary of the image is identified with 
P(V') X P(1F) by the Segre embedding. The space P(V') has a 
decomposition: 

P{V) =H+U52'-^UH_, 

by the sign of the norm. Then we obtain Zi(H' x P"*) by changing 
the boundary as follows: 

(a) remove S*^'"^ x P™, 

(b) replace H+ x P'" with P(r(^'0)H+) x P'", 

(c) replace H_ x P"^ with H_ x p(r{i.o)pm)_ 
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